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Hidden Variables np NLP

* Examples
* Large unlabeled text corpora for low-resource languages and domains

« Labelled alignment between word pairs in a sentence pair for Machine

Translation
S ‘s 1—1, 2—5,
K, (D 7E, (at) X B 5 (here) {
i, (read) —s (a) 2% (this) I, read; a3 3—5,4— 2,
4334 (book) 6 book4 heres 5—3, 6—NULL,
7 7T—4}

« MLE by counting relative frequency is infeasible
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6.1 Expectation Maximization



Dealing with Hidden Variables np NLP

* Revisit Naive Bayes classification

- Maximizing likelihood P (D)

- P(D) =TI, P(d;, ) = T, (P () TTTE) P(wy )



Dealing with Hidden Variables np NLP

* Revisit Naive Bayes classification

- Maximizing likelihood P (D)
- P(D) =TI, P(d;, ) = T, (P () TTTE) P(wy )
= (Ilcec P(C)NC) (Hwev Heece P(ch)NW’C)

* (MMeec P(©)Ne) and ([Tyey [Teec P(w|c)Mwe) can be seen as two
independent distribution, each representing the probability of a set
of iid samples.

* By maximizing P(D) we can derive the value of P(c) and P(w|c) by

. , . N,,
counting relative frequencies. P(c) = %, P(w|c) = N'C

Cc



Dealing with Hidden Variables np NLP

* Revisit Naive Bayes classification

- Maximizing likelihood P (D)
- P(D) =TT, P(dy ) = [T (P(c) TV P(wfl )
= (IIcec P(™) - (Twev [Teec PWlc)we)
* (MMeec P(©)Ne) and ([Tyey [Teec P(w|c)Mwe) can be seen as two
independent distribution, each representing the probability of a set
of iid samples.

*  Whatif N, and N, . are unknown?



Dealing with Hidden Variables np NLP

Counts
N., N,
/ (ceC,w éW) \
Parameters . Hidden variables
P(c), P(w| ¢) c
(c e C,w EW) (P(c;1d;))

Observed variables: d,



Dealing with Hidden Variables np NLP

« Iteratively estimate model parameters and hidden variable counts.

* Three ways to estimate hidden variable counts

- Hard max
Counts

- Soft probabilities N., N \
(ce C,weW)
- Sampling _ /
" P(c), PwTc)— i

(cEC,WEW) (P(c;1d))

Observed variables: d;
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K-means clustering nP NLP

* Observation on K-means clustering A
. e *
 (Observed variables: vectors ':,,'..
*
* Hidden variables: cluster assignment 2T,
. ** . o : ®
* Model parameters: centroids >

* Initialization: random centroids
* Iterative processes:
* Hidden variable estimation step:
* random point-cluster assignment

* Model parameter estimation step:

e (Centroids are the means



K-means clustering ne
Observed points: 0 = {0;}|7,

I ifOiECk

Hidden variables: h;;, = { 0 otherwise

Model parameters: ¢ is the centroid of cluster k

If h; pare known(no hidden variable) , learning objective is to find the means,

which is to minimize:
N K
L(0) = i=1 Zk:1 hirllo; — Ck||2

. .t N 1bhkol
The optimal value: ¢;™* = leN b;lt ,

which is the average of all points in cluster k.

NLP



K-means clustering nP NLP

e Notations:

»  Observed vectors 8 = {o;}|_,
. . N,K
* Hidden variable: H = {hj;};27 -4
 Parameter: ® = {c,}|x_;
* Training process:
» Iteration over H: H! « argmin YN Y K_ hy |lo; — ¢t ||?

e Iteration over 8: O'*! « argmin Z?’zl Z’;ﬁzl hfk lo; — ci||?
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6.1.1 Introduction

14



K-means as “Hard” EM ne NLP

« General form of EM algorithm

e Notations:

* Observed data O
 Hidden data H

* Model parameter 0
« Model P(0,H| 9)

* Training objective with hidden variables:

* Maximizing L(0) = logP(0|®) = log . P(0,H|0)



Two steps for EM e NLP

» Expectation (E-step)
Estimate hidden variable probabilities.
* Maximization (M-step)

Estimate model parameter values.



K-means as “Hard” EM P \WestlakeNLP

(\ maximizes
- log-likelihood
K-means Hard EM

minimizes
vector distance

« K-means is a type of “hard” EM algorithm.
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K-means as “Hard” EM ne NLP

* The correlation between minimizing distance and

maximizing likelihood:

(vn |@) P(Viahilvhi27'°°7hiK|@)
o Kl =

Z

K
= N(Z hivi, I)
k=1

18



K-means as “Hard” EM ne NLP

e The correlation between k-means and EM:

- Expectation step — refer cluster assignment
H = argmaxqyP(O,H = H'|O) = argmaxq Z?’zlP(F{, h; = h,i'|®)

- Maximization step — cluster centroid estimation

® = argmaxgP(0,H = H|0) = argmaxg Y., P (F[ h; =,

J



K-means as “Hard” EM ne NLP

Inputs: observed data O = {V;}|Y_;;
Hidden Variables: H = {h;}|_;

Initialisation: model ©° «+~ RANDOMMODEL(), t < 0;

repeat
Expectation step:

H' + arg maxy log P(O, H|©");
Maximisation step:

O©'*! < argmaxg log P(0, H'|©);
i1t I3
until CONVERGE(H, ©);

« Using a single optimal configuration of H, we optimize

L(O) =log max P(0O,H|0)

« The optimum is 0" « argmaxgmaxylogP (0, H|0)
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 6.1.2EM
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EM np NLP

EM considers all possible values of hidden variables.

Inputs: data O = {o;}|Y ;
Hidden Variables: H = {hJ}\f}il,
Initialization: model ©Y + RANDOMMODEL(), t « 0;

repeat Hard EM
Expectation step: ,
Compute P(h|o;,©"), h € H; h = argmax,P(h'|o, ©)
Q(0,0") « XL Ynen Plhlo;, ©%)log P(o;, h|©) ; Q(0,0%) = X, logP(0;, h;]©)

Maximization step:

Ot « arg maxg Q(©, ©%);
t+—t+1;
until CONVERGE(H, ©);

* P(hl|o;, 0%, h € H is the assignment distribution of H.
* Q(0,0Y) is called the Q-function.

22
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6.1.3 Relationships between MLE and EM



Relationships between MLE and Q-function np NLP

« When the outputs are hidden variables, and if h is known, we can
turn EM algorithm to MLE in supervised settings.
 supposed that each o; has a supervised label y;
* defining

0 otherwise

P(tjo, 6" - {

Q(0,0") =3 >, 5 P(hlo;, ") log P (0;,h|O)
= Zf\;l log P (04, y:|©)

which is exactly the maximum log-likelihood training objective.

24



Case study

For a pair of coins A and B of unknown biases, 6,
and O5. Our goal is to estimate 8 = (6,4, 05) by
repeating the following procedure five times:
randomly choose one of the two coins (with equal
probability), and perform ten independent coin
tosses with the selected coin. Thus, the entire

procedure involves a total of 50 coin tosses.

NLP



d Maximum likelihood

CoinA | CoinB

HTTTHHTHTH
HHHHTHHHHH
HTHHHHHRTHH 8H,2T
RTEYEFHHT T

THHHTHHHTH
/ 24H,6T 9H, 11T

5 sets, 10 tosses per set

Problem set originated from Chuong B Do & Serafim Batzoglou



b Expectation maximization

Coin A 1 Coin B

()HTTTHHTHTH =29H. 22T =28H,28T
L) HHHHTHHHHH
()HTHHHHHTHH =72H,08T =1.8H,02T
D HTHTTTHHTT
() THHHTHHHTH =59H,15T =21H,05T

=14H,21T =26H,39T

~45H,19T =25H,11T
=~21.3H,86T =11.7H,84T

an_ 213
6 ~213+86 071

so_ 117

R T 7 g




Contents np NLP

6.2 Using EM

28



EM algorithm summary 1V

To apply EM to a certain task, we need three particular steps:

1. define the complete data likelihood P (0, H|0), namely
parameterizing the model.

2. compute P(H|0, 0)

P(0,H|0)

P(H|0,0) = P(0]0)

3. maximize Q (0, B!)

0(0,0%) = z P(h|0,0)10gP (0, h|0)
h

NLP
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6.2.1 Unsupervised Naive Bayes model



Unsupervised Naive Bayes model np NLP

* Revisit Naive Bayes

|
Pleld) = P(0) | | _ P(wile)

=
e If class label is hidden
|d|
P(hld) =PCh)-| | 1P(Wi|h)
i=

* Model parameters

O = P(h) forallh,
~ |P(w|h) for all w,h



Unsupervised Naive Bayes model np NLP

« The model target
|di]

P(d;,h16%) = P(hIOY)P(dilh, 6%) = P(hI@Y) | | P(wilh,0%)
=1

* The hidden variable posterior
P(d,h|©Y)  P(rI®) T P(w;lh, ©9)
2w P(di 1107 3, P(R'1OD T2 P(wilh', €%

=1

P(h|d;, 0% =

* The objective to minimize
N

Q(0,0") = P(hl|d;, 8")logP(d;, h|®)
22

=1



Unsupervised Naive Bayes model np NLP



Unsupervised Naive Bayes model

» Finding arg max 0(0,0Y)
s.t. Xp P(h|®) = Xyey P(w|h,0) =1

* Using Lagrangian multiplier,

5, p(h|d;, ©F)
N

si, p(R|d;, ) 514 s(w;w)
>, P(h|di, ©°)lad

P(h|®) =

P(wl|h,®) =

soft EM can be executed now.

NLP



Comparison between related models np NLP

* Unsupervised Naive Bayes vs Naive Bayes

P(c) P(A|O©)
P(wlc) P(wl|4, ©)

Y (8ee) Sl o, w)) T, P(Ald:, ©) LI 60wy, w)

* Unsupervised Naive Bayes vs k-means

« K-means is based on vector space geometry, while Naive
Bayes is direct probability model.
 Naive Bayes is optimized with EM, while k-means is a

hard variant of EM.
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* 6.2.21BM Model 1
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IBM Model 1 np NLP

* A probabilistic model for Machine Translation (MT)
* source sentence X

 target language translation Y
* source word X = x;x; ... X[y

« TargetwordY = y;y, ... yjy|

P(X|Y)P(Y)
P(X)

* Bayes rule: P(Y|X) = x P(X|Y)P(Y)

« Language model : P(Y) ensure fluency

« Translation model : P(X|Y) ensure adequacy

» Using probability chain rule and assuming each source word x; is conditionally

dependent to only one target word y, , we have

P(XIY) = P(x1[ya, )P(x2|Ya;) P (%1x1|Vayy )



Word alignment P westlakeNLP

« Word alignment A = {al}ll ., a; denotes the index of the target
word that the i-th source word translates to.

1D Source Target Alignment
i J'1(I) aimes(like) i sesncoResss {1-1, 22,
1 (French) e (reading) I; likey reading, 3-53)
Ichy (1) leses(read) B eedion. {1—1, 22,
2 (German) | hiers(here) einy(a) bl y l\ l-) :r‘i 3—5, 43,
Buchs(book) e i 5—4 }
1 (1) 765 (at) iIXHl3 (here) U=, 235,
. ) ‘s i I, reads as 3—5, 4— 2,
3 (Chinese) | ¥4 (read) —5 (a) Zg (this)
22 (hook) book, heres 5—3, 6=>NULL,
‘ 7T—4}
{1—1,
LTS Fud, (1) 3 T5(at home) [, reads a3 booky | 2—{5, 6},
e et A% 5(a book) s (read) ats homeg 3—{3, 4},
4—2}

* Types of word alignment between sentence translation pairs:
Monotonic , Non-monotonic , Many-to-one , Null

38



EM training 1V NLP

 Observation variable: 0 = (X,Y), i.e. sentence translation pairs
D = {(X;, YD}iL,

* Hidden variable: H = A ,i.e. word alignment 4;

P(A, X|Y) = P(A]Y)P(X|A,Y)

— Hzli(1| P(CBZ ’yai)
#ﬁ;? between X and Y)

_ Hizllp(wi‘y%‘)
T (VDX
A?
P(AIX,Y) = ZitX0)
_ 1A P(wilye;)
21 Yo Plzelys)
_ H|X‘ P(mz]yaz)

=1 Y
1=1 10 P(zily;)

39



EM training 1V NLP

After knowing P(A|X,Y) and P(4, X|Y) , we can define the Q-

function for sentence translation pair (X,Y):

Q(0,0") =Y, P(4|X,Y,0")log P(4,X|Y,0O)

Hz’):(1| V5 wi|yai,@
— ZA P(A X’Y,@t) log (|Y](+1)X )

40



EM training n NLP

» Maximizing Q(6,67") over data

il
A=X,P(AlX,Y)log l(|1y|( 1)||2:|al) + Zy P QxPXl|y) — 1)

oA 2 51X 10g P(x;|yq,)
= ) L y
apx|Y) — 2aPAlXY) i) A
1| S(x xi)5(y;yai) .
= SAPAIX NI —5 5= +2=0

= P(x|y) « S, PAIX, V) DXL 606, x)8(v,va,)



EM training n NLP

 The expected alignment between a word translation pair

EXPECTEDALIGN (x,y,X,Y)

=Y. PAIXY) - 2 8(x, x)8(, Va, )

___P(xly) |X| Y|
" ey o D B0

EXPECTEDALIGN (x,y, X,Y) represents a soft count.



IBM model 1 “_f WestlakeNLP

Input: D = {(X;,Y))}i =1V,
Variables: count(x|y); count(y); sent-couni(x);
Initillization p(x|y) + UNIFORMDISTRIBUTION();
repeat
count(x, y)< 0 ;
count(y)« 0; ;
for (X;,Y;) € D do
for r; € X; do
sent-count(x;) + 0;
for y; € Y; do
| sent-count(x; )« sent-count(z;)+p(x;|y;):
end
end
for r; € X; do
for y; € Y; do

count(z;|y;) «count(x;|y;) + se"f(jﬂfal)(ml :
count(y;) «count(y;) + srm—:
end
end
end
for x,v € D do
_ eount(x|y) .
p(xly) = ﬁﬂ@%z
end 43

until CONVERGE(p(x|y));
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* 6.2.3 Probabilistic latent sentiment analysis



Probabilistic Latent Semantic Analysis NLP

&

=
Topics Politics Finance
policy stock
election IPO
president share
Words tax trade
economic market
health care investment

PLSA is a generative model for document semantic analysis.

Topics are hidden variables .

* Document-topic distribution P(h|d;)

* Topic-word distribution P(w|h) 45



Probabilistic Latent Semantic Analysis

5 M .
“_ IV.J

For every document d, for every position I:
1. select a document d; from P(d;)
2. generate a topic h; from P(h;|d)

3. generate a word w; from P(w|h;)

46
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Probabilistic Latent Semantic Analysis np NLP

Model target P(w, h|d) = P(h|d)P(w|h, d)

Hidden variable posteria probability

p(h,d,w|0t)  p(h|d;, 0°)p(w]h, 6°)
P, w]0Y) %, P(I|dy, OF)P(w]i, 6F)

P(hld;,w,0%) =

The Q-function:
Q(G, Gt) — ?’:1 ZWEdi Zh P(hldl) W, Gt)logp (hl dl} W|®)
=Y Ywer Cw,dy) X, P(hld;, w, 89)[logP(hld;, ©) + logP (w|h, ©)]

Constraints:

S, P(hld,©) =1, %, P(w|h,0) = 1



Probabilistic Latent Semantic Analysis np NLP

* Define a Lagrangian function

A(O, D)
= Q(6,0") — dei (Z P(h|d;, ©) — 1) — zh:xh (Z P(w|h, ) — 1)

. OdA(BO,A)
* Consider or(hld;, 0) =0and ), P(h|d;,®) =1 =0

>wey Cw,d))P(h|d;,w,0Y)

ZWEV C(W, dl)
N . C(w,dy)P(h|d;w,0")

Z{:V:]_ ZWEV C(W) dl)P(hldli w, Gt)

P(hld; ©) =

P(w|h, @) =




Contents np NLP

6.3.1 EM and KL-Divergence

49



Jensen inequality e NLP

QR QR

Convex Concave

/Q\

r Y r Y

« for convex functions, E(g(u)) > g(E(u)),
« for concave functions, E(g(u)) < g(E(u)).

50



Using Jensen inequality n NLP

P(0, h|©)
Pc(h)

* L(G) — lOg ZhP(OJhla) = ZhPC(h) 108 — F(@, PC)/

F(0,Pc) is alower bound of L(0)

» Also, F(0,Pc) = L(0) — KL(P:(h), P(h|0,©))
KL-divergence is always non-negative

KL(P,Q) is zero if and only if P = Q

« To make the bound as tight as possible, Pc(h) = P(h|0, 0)
In this scenario, F (0O, Pc) = L(0)
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* 6.3.2 EM derivation using numerical optimization



EM derivation using numerical optimization NLP

Another way to maximizes F (0, P¢)
Coordinate ascent
* Expectation step.
finds an optimum distribution Pc(H) that maximizes F (0, Pc)

* Maximization step.

finds the optimal @¢*! for F(©, PE™") using P{*1.



EM derivation using numerical optimization NLP

 Convergence.
after every iteration of E-step and M-step, L(0'*!) — L(©) = 0,
L(®) is a monotonically increasing function, EM is guaranteed to

converge to local optimums.



Summary L NLP

 The concept of hidden variables

 Expectation Maximization (EM) algorithm

* The correlation between EM and MLE for training
probabilistic models

* EM for unsupervised text classification

« IBM model 1 for statistical machine translation

* Probabilistic latent semantic allocation



